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We derive an approximate but fully explicit formula for the mean first-passage time (MFPT)
to a small absorbing target of arbitrary shape in a general elongated domain in the plane. Our
approximation combines conformal mapping, boundary homogenisation, and Fick-Jacobs equation
to express the MFPT in terms of diffusivity and geometric parameters. A systematic comparison
with a numerical solution of the original problem validates its accuracy when the starting point is
not too close to the target. This is a practical tool for a rapid estimation of the MFPT for various
applications in chemical physics and biology.
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I. INTRODUCTION
The concept of first-passage time (FPT) is ubiquitous
in describing phenomena around us. Being originally
stemmed from the theory of Brownian motion as a time
taken for a diffusing particle to arrive at a given loca-
tion, nowadays it is widely used in chemistry (geometry-
controlled kinetics), biology (gene transcription, foraging
behaviour of animals) and many applications (financial
modelling, forecasting of extreme events in the environ-
ment, time to failure of complex devices and machinery,
military operations). This subject has an extensive liter-
ature, see [1–15] and references therein. There is also a
rich variety of different physical phenomena that can be
analytically treated with the framework of the FPT due
to similarity of underlying equations [16].
In a basic setting, the first-passage problem is formu-
lated in the following way. We consider a Brownian par-
ticle initially located at point r of a bounded domain Ω
and searching for a small target S (a small region with
absorbing boundary) inside that domain (if the target is
at the boundary the problem is usually referred to as the
narrow escape problem [9]). As the first-passage time of
the particle to the target is a random variable, its full
characterisation requires the computation of its distribu-
tion [17–24]. In many practical situations, however, it is
enough to estimate the average time T (r) taken for the
particle to hit the target (see [1, 3, 4, 25–28] and ref-
erences therein). The mean first-passage time (MFPT)
satisfies the Poisson equation [1]
D∆T (r) = −1, (1)
where D is the particle diffusivity, and ∆ is the Laplace
operator. The boundary of the domain is assumed re-
flecting, ∂T/∂n = 0 on r ∈ ∂Ω (with ∂/∂n being the
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normal derivative) and the target surface is absorbing,
T = 0 on r ∈ ∂S.
In spite of an apparent simplicity of Eq. (1) and a vari-
ety of powerful methods for its analysis, to date the exact
closed-form solutions of Eq. (1) are available only for a
few special cases and for the domains with high symmetry
such as a sphere or a disk [1]. Many approximate solu-
tions, derived by advanced asymptotic methods, can pro-
duce a remarkable agreement with numerical solutions of
Eq. (1), but often require specific mathematical exper-
tise and still involve some level of numerical treatment
[3, 4, 8–10, 29–37]. This necessitates the development of
analytical approximations that being perhaps less accu-
rate can lead to simple explicit expressions that provide
reasonable estimations for MFPT in some general geo-
metric settings. This was one of the main motivations
for the present study.
The aim of the paper is to derive a general formula for
the MFPT in an elongated planar domain with reflect-
ing boundaries. The profile of the domain is assumed to
be smooth, slowly changing, but otherwise general. The
target is assumed to be small but of an arbitrary shape.
We validate our findings by numerical solution of Eq.
(1) via a finite elements method. Remarkably, this sim-
ple general formula, derived under a number of simplified
approximations, turns out to be surprisingly accurate.
II. APPROXIMATION FOR THE MFPT
We consider an elongated planar domain of “length”
l, which is determined by two smooth profiles h−(x) <
h+(x) (Fig. 1):
Ω = {(x, y) ∈ R2 : 0 < x < l, h−(x) < y < h+(x)}.
(2)
In particular, the local “width” of the domain is h(x) =
h+(x) − h−(x), and h0 = max{h(x)} is the maximal
width. Throughout the paper, we assume that the aspect
2FIG. 1: Three-step transformation of the original MFPT
problem into an effectively one-dimensional problem with
semi-permeable semi-absorbing boundary condition.
ratio h0/l of the domain is small. A small absorbing tar-
get (also called trap or sink) is located inside the domain
at some (xT , yT ), which is not too close to the boundary.
The main analytical formula will be derived by em-
ploying a three-step approximation. First, we replace
the absorbing target by a vertical absorbing interval of
the same trapping rate or the same conformal radius or
the same logarithmic capacity (since they all are propor-
tional to each other [38]). Far away from the target such
a replacement is justifiable since at the distance greater
than the size of the target (but still much smaller than
h(xT ) and l) the absorption flux can be characterised by
the first (monopole) moment of the shape of the target,
and this equivalence preserves it. For a variety of planar
shapes (circle, ellipse, arc, triangle, square, or even some
fractals [39, 40]), conformal radius is well-known or can
be accurately estimated from various approximations, see
[12, 38, 40] and references therein. For instance, for an
elliptical target with semi-axes a and b, its conformal ra-
dius is (a + b)/2, so for an absorbing interval of length
s conformal radius is simply s/4 and this allows us to
deduce the length of the equivalent absorbing interval s
for any given target.
Second, we substitute the absorbing interval at x = xT
by an equivalent semi-permeable semi-absorbing vertical
boundary. In line with the conventional arguments of ef-
fective medium theory, the trapping effect of the target
can approximately be captured by means of this bound-
ary with an effective reactivity κ. More specifically, we
assume that the trapping rate of this effective boundary
is equal to the trapping flux of the particles induced by
the presence of the target. The well-known examples of
such an approach are acoustic impedance of perforated
screens [41] and effective electric conductance of lattices
and grids [42–44]. The effective reactivity can be related
to the geometrical parameters by employing the ideas of
boundary homogenisation [13, 43, 44]. In particular, an
explicit form of this reactivity in the case of two absorb-
ing arcs on the reflecting boundary of a disk of radius R
was found in [13]. As shown in [13], an appropriate con-
formal mapping allows one to transform such a disk into
an infinite horizontal stripe of width 2h with reflecting
boundary that includes two identical absorbing intervals.
By symmetry, this domain is also equivalent to a twice
narrower stripe (i.e., of width h) with a single absorbing
interval with a prescribed offset with respect to the re-
flecting boundary. Upon these transformations, the origi-
nal formula of the effective reactivity is preserved, except
that the perimeter of the disk, 2piR, is replaced by the
stripe width:
κ =
D
h(xT )
pi
ln (1/F )
, (3)
where
F =
√
sin2[pi
2
(σ + σg)]− sin
2(pi
2
σg) , (4)
with σ = s/h(xT ) and σg = (yT − s/2)/h(xT ). Here,
we used the width of the domain, h(xT ), at the location
of the target. Even though Eq. (3) was derived for an
infinite stripe, it is also applicable for an elongated rect-
angle of width h(xT ). Moreover, we will use it as a first
approximation for general elongated domains.
Third, the Brownian particle, which is released at
some point (x, y) inside an elongated domain, frequently
bounces from the horizontal reflecting walls while gradu-
ally diffusing along the domain towards the target. The
shape of the horizontal walls (defined by h±(x)) can
additionally create an entropic drift, which can either
speed up or slow down the arrival to the target. In any
case, the information about the particle initial location
in the vertical direction, y, becomes rapidly irrelevant,
and the original MFPT problem, Eq. (1), is reduced
to a one-dimensional problem. While the classical Fick-
Jacobs equation determines the concentration c(x, t) av-
eraged over the cross-section (see [45–50] and references
therein), the survival probability is determined by the
backward diffusion equation with the adjoint diffusion
operator [51]. In particular, Eq.(1) in an elongated do-
main reduces to
D
h(x)
d
dx
[
h(x)
dT (x)
dx
]
= −1 . (5)
In summary, we transformed the original problem of find-
ing the MFPT to a small target of arbitrary shape in a
general elongated domain to the one-dimensional prob-
lem, which can be solved analytically.
We search for the solution of Eq. (5) in the intervals
(0, xT ) and (xT , l). Multiplying this equation by h(x)/D,
integrating over x and imposing Neumann (reflecting)
boundary conditions at x = 0 and x = l, we get
T (x) =


C− −
∫ x
0
dx′
S(x′)
Dh(x′)
(0 < x < xT ),
C+ −
∫ l
x
dx′
S(l)− S(x′)
Dh(x′)
(xT < x < l),
(6)
3Domain y(z) Y (z) U−(z) U+(z) Y (1) Cy
Rectangular 1 z 1
2
z2 U−(1− z) 1
1
6
Triangular z 1
2
z2 1
4
z2 1
4
(z2 − 1− 2 ln z) 1
2
1
8
Rhombic 1− |2z − 1|
{
z2 (z < 1
2
)
1
2
− (1− z)2 (z > 1
2
)
{
1
4
z2 (z < 1
2
)
(1−z)2−ln(2−2z)
4
(z > 1
2
)
U−(1− z)
1
2
3
32
Sinusoidal sin(piz) 1
pi
(1− cos(piz)) 1
pi2
(
ln 2− ln(1 + cos(piz))
)
U−(1− z)
2
pi
1
pi2
Parabolic 4z(1− z) 2z2(1− 2z/3) 1
6
(
z2 − z − ln(1− z)
)
U−(1− z)
2
3
19
180
Elliptic
√
1− (2z − 1)2
pi
8
+ 1
4
asin(2z − 1)
−( 1
2
− z)
√
z(1− z)
pi2
64
+ z(z−1)
4
+ asin
2(2z−1)
16
+ pi
16
asin(2z − 1)
U−(1− z)
pi
4
pi2
48
− 5
64
TABLE I: Several examples of symmetric elongated domains defined by setting −h−(x) = h+(x) =
1
2
h(x) = 1
2
h0 y(x/l): the
rescaled profile y(z), its integral Y (z), functions U±(z) from Eq. (10), the rescaled area Y (1) (such that S = lh0Y (1)), and the
shape-dependent constant Cy from Eq. (15). For all domains, which are symmetric with respect to the vertical line at l/2, one
has U+(z) = U−(1− z).
where S(x) =
∫ x
0
dx′ h(x′) is the area of (sub)domain re-
stricted between 0 and x. The integration constants C±
are determined by imposing the effective semi-permeable
semi-absorbing boundary condition at the target loca-
tion:
T (xT − 0) = T (xT + 0), (7a)
D
[
dT
dx
(xT + 0)−
dT
dx
(xT − 0)
]
= κT (xT ). (7b)
The first relation ensures the continuity of the MFPT,
whereas the second condition states that the difference
of the diffusive fluxes at two sides of the semi-permeable
boundary at xT is equal to the reaction flux on the target.
The latter flux is proportional to T (xT ), with an effective
reactivity κ from Eq. (3).
Substituting Eq. (6) into Eqs. (7), we get the final
solution of the problem:
T (x) =
l2
D
(
Uσx(xT /l)− Uσx(x/l)
)
+
l
κ
Y (1)
y(xT /l)
, (8)
where y(z) is the rescaled profile, h(x) = h0y(x/l) (with
z = x/l), and
Y (z) =
z∫
0
dz′ y(z′), (9)
U−(z) =
z∫
0
dz′
Y (z′)
y(z′)
, U+(z) =
1∫
z
dz′
Y (1)− Y (z′)
y(z′)
.
(10)
The subscript σx in Eq (8) depends on x as being de-
termined by the sign of difference x − xT : σx = + for
x > xT and σx = − for x < xT . The functions Y (z)
and U±(z) in Eq. (8) can be easily computed for a given
profile h(x) (or y(z)) either analytically (see Table I) or
numerically. For instance, in the simplest case of the
rectangular domain, h±(x) = ±h0/2, we get
T (x) =


x2T − x
2
2D
+
l
κ
(0 ≤ x ≤ xT ),
(x− xT )(2l − xT − x)
2D
+
l
κ
(xT ≤ x ≤ l),
(11)
Other examples are summarised in Table I and presented
below.
The explicit Eq. (8) constitutes the main result of the
paper and includes two terms. The first (diffusion) term
is independent of the size of the target and is related to
the time required for a Brownian particle to arrive at the
proximity to the target from its starting position. For
this reason, the contribution of this term is small when
x ≈ xT , i.e. when the particle initial position is near the
target. The second (reaction) term in Eq. (11) describes
the particle absorption by the target when the particle
starts in its vicinity. This term diverges logarithmically
as the target size decreases and thus dominates in the
small target limit.
In many applications, the starting point is not fixed but
uniformly distributed inside the domain. In this setting,
one often resorts to the surface-averaged MFPT:
T =
1
S
∫
Ω
dxdy T (x, y). (12)
Substituting our approximate solution (8), we get an ex-
plicit approximation for T :
T app =
l2
D
1∫
0
dz
y(z)
Y (1)
(
Uσzl(zT )− Uσzl(zl)
)
+
l
κ
Y (1)
y(zT )
,
(13)
where zT = xT /l. The last integral can be evaluated by
using Eq. (10). After elementary but lengthy computa-
tions, we get
T app =
l2
D
(
U−(zT ) + U+(zT )− Cy
)
+
l
κ
Y (1)
y(zT )
, (14)
4where
Cy =
1∫
0
dz
Y (z)(Y (1)− Y (z))
Y (1)y(z)
(15)
is the shape-dependent constant.
III. CONDITIONS OF VALIDITY
The main conditions that limit the range of validity of
the proposed approximation come from the two under-
lying assumptions: (i) a relative smallness of the target
with respect to all dimensions of the system (s/h ≪ 1),
and (ii) introduction of the effective trapping rate (along
the domain) that can adequately characterise the tar-
get. The effective trapping rate will be formed at some
distance from the target (since near the target it varies
at much smaller scale ∼ s ≪ h) and this imposes some
restriction on the elongation of the domain, as well as
on the relative position of the starting point of the par-
ticle (e.g., the approximation may be inaccurate if the
starting position is in the same cross-section as the tar-
get). In line with the previous studies [11], this approx-
imation is expected to provide reasonable estimations of
the MFPT even when the target is not infinitesimally
small and the longitudinal separation between the start-
ing point of the particle and the target is of the order of
the domain height.
A minor (geometrical) constraint is related to the prox-
imity of the target to the reflecting boundary. If the
distance between the target and the boundary is smaller
than the half-length s/2 of the equivalent absorbing inter-
val, the result will be indistinguishable from the scenario
when the target is touching the boundary. Since we as-
sume that the target is relatively small, s/h ≪ 1, this
limitation is insignificant.
More quantitative criteria for the validity of the pro-
posed framework will be established below by numerical
simulations.
IV. NUMERICAL SIMULATIONS
We validate our analytical approximation for the
MFPT, Eq. (8), by comparison with the results of a
direct numerical solution of the boundary value problem
(1) by means of a Finite Element Method (FEM) solver
implemented in Matlab PDEtool. First, we calculated
MFPT in the rectangular domain for a circular target of
radius ρ, so the length of the equivalent absorbing inter-
val is s = 4ρ. Figure 2(a) shows the MFPT, T (x, y), for a
circular target of radius ρ = 0.1 located at (1,−0.1) inside
an elongated rectangle Ω = (0, 5)× (− 1
2
, 1
2
) with reflect-
ing boundary (i.e., l = 5 and h0 = 1). In line with the
above comments, our analytical approximation provides
good estimates of the MFPT, except for the cases when
FIG. 2: MFPT to a circular target of radius ρ = 0.1 (a)
and to a square target with edge length a = 0.2 (b), which
is located at (1,−0.1) inside an elongated rectangle (0, 5) ×
(− 1
2
, 1
2
) with reflecting boundary, with D = 1. Comparison
between our approximation Eq. (11) (shown by black dashed
line) and the FEM solution (coloured lines) as a function of
x for 64 equally spaced y, from y = − 1
2
(dark blue) to y = 1
2
(dark red). Inset show the FEM solution T (x, y) as coloured
contour plots.
the initial position of the particle is very close to the tar-
get (less than h0). This condition provides a quantitative
criterion for applicability of this analytical framework.
Next we analyse the effect of the target shape on the
MFPT. To this end we consider the MFPT to a small ab-
sorbing square of side a in the same rectangular domain,
for which the length of the equivalent absorbing inter-
val is s = aΓ2(1/4)/pi3/2 ≈ 2.36 a. Figure 2(b) shows
a good agreement between our approximation and the
FEM solution for a square of side a = 0.2 at the same
location inside the same rectangle as in Fig. 2(a). One
can see that the target shape is correctly captured via its
conformal radius.
To validate the proposed framework for other elon-
gated domains we calculated the MFPT in three domains
of different shape (an ellipse, a triangle, and a rhom-
bus), for which we kept the same aspect ratio as before:
h0/l = 0.2. A circular target of radius ρ = 0.1 is located
in different positions inside these domains. Figure 3 illus-
trates an excellent agreement between our approximation
in Eq. (8) and numerical solutions for all these domains.
5FIG. 3: MFPT T (x, y) to a circular target of radius ρ = 0.1
inside an elongated domain with reflecting boundary, inserted
into a rectangle (0, 5) × (− 1
2
, 1
2
), with D = 1 (obtained
by FEM). (a) Ellipse, (xT , yT ) = (1,−0.1); (b) Triangle,
(xT , yT ) = (4,−0.1); (c) Rhombus, (xT , yT ) = (3,−0.1). 64
coloured curves represent T (x, y) as a function of x for 64
equally spaced y, from y = − 1
2
(dark blue) to y = 1
2
(dark
red). Black dashed line shows the approximate solution (8),
with explicitly found functions Y (z) and U±(z) in Table I.
Inset shows T (x, y) inside each domain.
We also checked that the relative error of the explicit
approximation (14) for the surface-averaged MFPT, T ,
does not exceed 2% for all these examples (see Table II).
Domain T T app relative error
Rectangular (circle) 4.7481 4.7961 1%
Rectangular (square) 4.6128 4.6855 2%
Triangular 1.5567 1.5522 0.3%
Rhombic 1.2096 1.1888 2%
Elliptic 4.0403 4.0340 0.2%
TABLE II: The surface-averaged MFPT, T , estimated from
the numerical solution of the original problem (solved by a
FEM), and its explicit approximation T app from Eq. (14), for
five examples shown in Figs. 2 and 3.
V. CONCLUSION
We obtained a simple formula (8) for the MFPT to a
small absorbing target of an arbitrary shape in an elon-
gated planar domain with slowly changing boundary pro-
file. This formula expresses MFPT in terms of dimen-
sions of the domain, the form and size of the absorbing
target and its relative position inside the domain. We
validated our analytical predictions by numerical simula-
tions and found excellent agreement. Indeed, if the initial
position of the particle and the target location are well
separated (more than half of the height of the domain
at the target location xT ) then the numerical and ana-
lytical results are almost indistinguishable; but even for
closer separations the analytical predictions are still rea-
sonable, see Figs. 2 and 3. The proposed expression for
the MFPT is a useful tool for some rapid practical es-
timations as well as for validation of complex numerical
models of particle diffusion in geometrically constrained
settings.
Future work may involve an extension of the proposed
framework to more complex geometries (an elongated do-
main with an arbitrary piecewise boundary) or an exten-
sion to the three-dimensional settings. The main chal-
lenge in the three-dimensional case consists in finding an
appropriate expression for the trapping rate of the target,
i.e., a 3D generalisation of Eq. (3).
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